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joints with one real singularity. Eigenanalysis formulated using a three-dimensional ﬁnite element
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effect of the integration area on the accuracy of the results. The results are compared with those obtained
from the boundary element method (BEM) using a curve-ﬁtting technique to calculate the intensity of
singularity. In addition, models of various lengths and various material combinations are used to inves-
tigate the stress singularity characteristics in three-dimensional dissimilar material joints. The results of
the present study indicate that the conservative integral can be used to determine the intensity of singu-
larity in three-dimensional bi-material joints. The accuracy of the results can be improved by mesh
reﬁnement. Finally, the relationships among the intensity of singularity, the order of stress singularity
and the model geometry are discussed.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Dissimilar material joints have singularities created by disconti-
nuities in material properties across interfaces. A mismatch in the
material properties of joints may lead to fracture and failure; thus,
the investigation of stresses in dissimilar material joints is impor-
tant. It is difﬁcult to accurately calculate stress distributions near
the edge of an interface in joints using the conventional ﬁnite ele-
ment method (FEM). Special elements and methods have been
developed to solve singular stress problems, and these methods
can be classiﬁed into two groups: (1) methods based on the devel-
opment of a special element, e.g., a hybrid element method (Tong
et al., 1973), an enriched FEM (Benzley, 1974), and extended/gen-
eralized ﬁnite element methods (XFEM/GFEM) (Belytschko and
Black, 1999; Fries and Belytschko, 2010) and (2) methods based
on a post-process for calculating the intensity of singularity, e.g.,
a stress extrapolation (Munz and Yang, 1993) and a conservative
integral (Banks-Sills and Sherer, 2002). The above examples are
two-dimensional analyses, some of which are being developed
for extension to three-dimensional analyses.Singular stress ﬁelds are more complicated for three-dimen-
sional dissimilar material joints than for two-dimensional dissim-
ilar material joints because singular stresses are generated not only
at vertices but also along the free edges of the interface. There have
been many studies on the analysis of the order of singularity in
three-dimensional cases. For example, Ghahremani (1991) used a
numerical variational method and Pageau et al. (1995) and
Koguchi and Muramoto (2000) used FEM eigenanalysis to analyze
the order of singularity. However, there have been only a few stud-
ies on the analysis of the intensity of singularity. For example, Lee
and Im (2003) used the two-state M-integral, Wisessint and
Koguchi (2009) developed a 3D enriched FEM and Koguchi and
Da Costa (2010) used the BEM with a curve-ﬁtting technique to
analyze the intensity of singularity.
Many studies have revealed that the conservative integrals,
such as the J-integral, M-integral, and H-integral, are powerful
methods by which to obtain intensities of singularities. Using these
methods, special elements or very reﬁned meshes around the sin-
gular point are not necessary. The H-integral method based on the
Betti reciprocal has a simple form of the integral, which requires
only the displacements and stresses (Ortiz et al., 2006). In particu-
lar, in three-dimensional analysis, variables of displacements and
stresses cannot be calculated analytically. In addition, numerical
methods may have unavoidable numerical errors. Therefore,
Fig. 1. Three-dimensional bi-material joint model.
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vide more accurate results. Thus, in the present study, the H-inte-
gral is developed for use in three-dimensional analysis.
The conservative integral based on the Betti reciprocal principle
was ﬁrst developed for calculating the stress intensity factors of
notched homogeneous bodies (Stern et al., 1976; Sinclair et al.,
1984; Carpenter, 1984). Carpenter and Byers (1987), Banks-Sills
(1997), and Banks-Sills and Sherer (2002) later extended this
method to solve for the intensity of singularity for two-dimen-
sional dissimilar material joints. Many studies have investigated
the intensity of singularity in three-dimensional dissimilar mate-
rial joints using the conservative integral. For example, Meda
et al. (1998) solved three-dimensional crack problems, Ortiz et al.
(2006) used H-integral together with BEM to determine the stress
intensity factor along three-dimensional crack fronts and Nomura
et al. (2010) analyzed the interfacial corner between anisotropic
bi-material under thermal stress. Moreover, Kuo and Hwu (2010)
examined anisotropic material interface corner problems involving
mechanical loading. Most of the previously developed three-
dimensional formulations used for evaluating the intensity of sin-
gularity at interface corners or cracks assumed the integral area to
be a cylindrical closed surface. Therefore, the previous formula-
tions are difﬁcult to extend when determining the intensity of sin-
gularity at a vertex of the interface. Furthermore, most of the
previous studies in dissimilar material joints used the order of sin-
gularity and angular variables of displacements and stresses based
on two-dimensional analysis, which implies that the plane strain
condition was assumed in the analysis.
In the present analysis, the conservative integral is developed to
analyze the intensity of singularity at the vertex of an interface in
three-dimensional bi-materials with one real singularity. The
eigenanalysis formulated by a three-dimensional ﬁnite element
method (FEM) (Pageau et al., 1995, 1996; Pageau and Biggers,
1995) is used to calculate the order of stress singularity and vari-
ables of the displacements and stresses. In particular, most previ-
ous studies used a two-dimensional analysis to calculate the
order of stress singularity and the angular functions. The primary
difference between two-dimensional eigenanalysis and three-
dimensional eigenanalysis is a complementary solution that is
used in a conservative integral. For the conservative integral
method, two sources of solutions, i.e., singular and complementary
solutions, are needed. For two-dimensional analysis, 2  k (where k
is the order of singularity, 0 < k < 1) is used as the complementary
solution, and 3  k is used for a three-dimensional analysis. Lee
and Im (2003) reported 3  k to be an eigenvalue for three-dimen-
sional analysis. The solutions obtained from a conventional FE
analysis together with the solutions deduced from FEM eigenanal-
ysis are then used to calculate the intensity of singularity. To our
knowledge, no study on the determination of the three-dimen-
sional intensity of singularity using the H-integral has been
conducted.
To investigate the effect of mesh reﬁnement and the integral
area on the accuracy of the results, models with various element
sizes and integral areas are used. The obtained results are com-
pared with BEM results obtained using a curve-ﬁtting technique
to calculate the intensity of singularity (Koguchi and Da Costa,
2010). Then, to investigate the effect of the model’s geometry
and the material properties on the singular stress ﬁeld, models of
various lengths and various material combinations are
investigated.
The remainder of the present paper is organized as follows. Sec-
tion 2 presents the analytical formula for the vertex in three-
dimensional joints. The numerical analysis is explained in detail
in Section 3, which is divided into four subsections. Section 3.1 pre-
sents the analytical model and boundary conditions. The order of
the stress singularity and the angular functions obtained by FEMeigenanalysis are described in Section 3.2. Section 3.3 presents
the results obtained frommodels of various element sizes and inte-
gral areas. Next, the relationships among the intensity of singular-
ity, the model geometry, and the material properties are discussed
in Section 3.4. Finally, conclusions are presented in Section 4.
2. Analytical formula
A conservative integral for a three-dimensional joint is devel-
oped using Betti’s reciprocal principle as follows:Z
S
T 0iui  Tiu0i
 
ds ¼ 0: ð1Þ
For any contour S, Ti and T
0
i are tractions, and ui and u
0
i are the
displacements of the singular and complementary ﬁelds. This prin-
ciple is extended to solve the three-dimensional bi-material model,
as shown in Fig. 1. Eq. (1) is rewritten as an integral with respect to
the closed area shown in Fig. 2 as follows:
X5
j¼0
Z
Sj
T 0iui  Tiu0i
 
ds ¼ 0: ð2Þ
The contour, S, is selected to be S = S0 + S1 + S2 + S3 + S4 + S5,
where S2, S3, S4 and S5 are on free-surfaces; then, the traction is free
on these surfaces such thatZ
S0
T 0iui  Tiu0i
 
dsþ
Z
S1
T 0iui  Tiu0i
 
ds ¼ 0: ð3Þ
Modifying the form of traction to be Ti ¼ rijn^j yieldsZ
S0
r0ijui  riju0i
 
n^jdsþ
Z
S1
r0ijui  riju0i
 
n^jds ¼ 0; ð4Þ
where n^j is the outward unit vector to the closed surface, S (see
Fig. 3). Let n^0j be the unit vector in the direction opposite n^j, such
thatZ
S0
r0ijui  riju0i
 
n^0jds ¼
Z
S1
r0ijui  riju0i
 
n^jds: ð5Þ
Eq. (5) indicates that the integral is area independent.
Finally, the H-integral at the vertex in three-dimensional dis-
similar materials is deﬁned as follows:
H ¼
Z
SC
r0ijui  riju0i
 
n^jds; ð6Þ
Fig. 2. A speciﬁc closed area for the integral in Eq. (2).
Fig. 3. Area for the integral in Eq. (3).
Fig. 4. A small circle area, SCe .
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The stress distribution around the singular point in the spheri-
cal coordinate system can be described as follows:
rijðr; h;/Þ ¼ Krkfijðh;/Þ; ð7Þ
where r is the radial distance from the singular point, and k, K, and fij
are the order of the stress singularity, the intensity of singularity,
and the angular functions, respectively.
The displacement ﬁeld has the following form:
uiðr; h;/Þ ¼ Kr1kgiðh;/Þ: ð8Þ
The primed solution is a complementary solution with an order
of singularity of k0 = 3  k. The results of three-dimensional eigen-
value analysis reveal that if p, where p = 1  k, is an eigenvalue of a
singular stress ﬁeld, then p1 is also an eigenvalue (Lee and Im,
2003).
The stress components are
r0ijðr; h;/Þ ¼ Crk
0
f 0ijðh;/Þ; ð9Þand the displacements are
u0iðr; h;/Þ ¼ Cr1k
0
g0iðh;/Þ: ð10Þ
The amplitude C is obtained by substituting Eqs. (7)–(10) into
Eq. (6) to obtain
H ¼
Z
h
Z
/
ðCr3þkf 0irðh;/ÞKr1kgiðh;/Þ Krkfirðh;/ÞCrk2g0iðh;/ÞÞr2d/dh;
ð11Þ
where Ce is a small spherical surface around the singular point
shown in Fig. 4.
H ¼ CK
Z p
0
Z p
2
0
f 0irðh;/Þgiðh;/Þ  firðh;/Þg0iðh;/Þ
 
d/dh: ð12Þ
The expression for C is derived by setting HCe  K , such that
C ¼ 1Z p
0
Z p
2
0
f 0irðh;/Þgiðh;/Þ  firðh;/Þg0iðh;/Þ
 
d/dh
: ð13Þ
Finally, the intensity of singularity can be obtained from
K ¼ H ¼
Z
SC
r0ijui  riju0i
 
n^jds; ð14Þ
where SC is an arbitrary surface area enclosing the singular point.
3. Numerical analysis
3.1. Analytical model and boundary condition
The model used for the analysis is shown in Fig. 5. The bi-mate-
rial model is ﬁxed to the bottom side, and the tensile stress is
applied to the top surface. In this analysis, the heights of materials
1 and 2 are ﬁxed at 10 mm. First, in Section 3.3, the model lengths,
L1 and L2, are ﬁxed at 10 mm. Then, in Section 3.4, L2 is varied as
1.0, 2.5, 5.0, and 10.0 mm to study the relationship between the
intensity of singularity and the model geometry. The tensile load-
ing on the top surface is 1 MPa. The material properties are listed in
Table 1.
3.2. Order of stress singularity and angular functions using FEM
eigenanalysis
To analyze the order of stress singularity and the angular vari-
ables for singular and complementary solutions in Eqs. (7)–(10),
Table 2
Order of stress singularity, k, obtained using FEM eigenvalue analysis.
No. Eigenvalue, p = 1  k
Real Imaginary
1 1.604764370154e + 00 0.000000000000e + 00
2 1.000000254190e + 00 0.000000000000e + 00
3 1.000001556321e + 00 0.000000000000e + 00
4 1.000002298376e + 00 0.000000000000e + 00
5 2.547350135274e07 0.000000000000e + 00
6 1.555807003228e06 0.000000000000e + 00
7 2.298139577306e06 0.000000000000e + 00
8 6.047643702011e01 0.000000000000e + 00
Fig. 5. Model for analysis.
Table 1
Material properties.
Young’s modulus (GPa) Poisson’s ratio
Material 1 166.0 0.26
Material 2 2.74 0.38
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developed by Pageau and Biggers (1995) was conducted. An ele-
ment model for eigenvalue analysis is shown in Fig. 6. The model
is a spherical domain surrounding a singular vertex with /
= (0, p/2) and h = (0, p) on a spherical coordinate system. The
model has 760 eight-node elements for a total of 2397 nodes. As
illustrated in Fig. 6, the dimensions of the element are / = 5 and
h = 5. To reduce the numerical error that may occur due toFig. 6. Element model fomismatched material properties across the interface, the elements
near the interface are twice as small as the other elements.
The eigenequation derived by the principles of virtual work for
calculating the eigenvalue, p, is expressed as follows:
p2½A þ p½B þ ½C fug ¼ 0; ð15Þ
where [A], [B], and [C] are matrices composed of the Young’s mod-
ulus and Poisson’s ratio, p = 1  k, and {u} is the eigenvector of dis-
placement (refer to Pageau and Biggers (1995) for details).
Table 2 presents the results for the eigenvalues, p, between 2
and 1. Although there are several roots of p, stress singularity
occurs within the range of 0 < p < 1. The results conﬁrm that in
three-dimensional cases, if p is an eigenvalue, p1 is also an
eigenvalue. In this analysis, we consider the major singularity at
p = 0.605. While Table 2 indicates that there are four roots of singu-
larity, the other three roots are nearly zero. The relationship
between the eigenvalue, p, and the order of singularity, k, is
p = 1  k, such that k = 0.395 and k0 = 2.605 or 3  k.
After calculating the order of singularities through eigenvalue
analysis, the displacements with respect to the spherical coordi-
nates, r, h, and /, are obtained using eigenvector analysis. The
angular variables of displacements for the singular solution,
p = 0.605, are shown in Fig. 7(a–c). The displacements are then
converted to angular functions fijðh;/Þ and f 0ijðh;/Þ in Eqs. (7) and
(9), following the stress–strain relation. The angular variables are
normalized such thatr the eigenanalysis.
Fig. 7. Angular variables of displacements for the singular solution using eigenvector analysis. (a) gr(h, /), (b) gh(h, /), (c) g/(h, /).
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p
2
;
p
4
 
¼ 1; ð16Þf 0hh
p
2
;
p
4
 
¼ 1: ð17Þ
Fig. 8(a–f) show the angular functions, fijðh;/Þ, in Eq. (7), for the
singular solutions. The maximummagnitude occurs at fhh p2 ;0
 
and
fhh p2 ;
p
2
 
, which is along the singularity line. This result indicates
that if a crack is generated, it will be generated from a free edge
of the interface. The displacements and the angular functions for
the complementary solutions, g0iðh;/Þ and f 0ijðh;/Þ, are also calcu-
lated using the same processes.3.3. Results for various element sizes and integral areas
The ﬁnite element program, Marc2011, is used to calculate the
unprimed solutions. To investigate the effect of mesh size on the
accuracy of the results, two models with different element sizes
are used (see Figs. 9 and 10). Both models use twenty-node ele-
ments. The element models are generated to be quarter-spherical
in shape and centered at the singular vertex. Because n^jðr; h;/Þ
¼ ð1;0;0Þ for a sphere centered at the singular vertex, the integral
in Eq. (6) is reduced to be only in the r-direction.
The ﬁrst model has large elements; the dimensions of the ele-
ment are / = 25 and h = 25 (see Fig. 9). The smallest elements
that connect to the singular point are 0.1 mm in the r-direction.
This model contains 2415 nodes and 520 elements.The second model has smaller elements than the ﬁrst model;
the dimensions of the element are / = 15 and h = 15 (see
Fig. 10). The smallest elements that connect to the singular point
are 0.05 mm in the r-direction. This model contains 6877 nodes
and 1560 elements.
To study the effect of the integral area on the accuracy of the
results, four areas of the integral are used in both models, as shown
in Figs. 11 and 12 for the ﬁrst and second models, respectively. The
details of the integral areas are provided in Table 3.
The results for the intensity of singularities, K, for various inte-
gral areas are presented in Tables 4 and 5 for the ﬁrst and second
models, respectively. In the present study, the results are com-
pared with the BEM results (see Appendix A), in which the stresses
are analyzed using a model with extremely reﬁned meshes near
the singular point (a total of 1944 elements with a minimum ele-
ment size of 106 mm). A curve-ﬁtting technique is then used to
calculate the intensity of singularity. The stresses, rhh r; p2 ;
p
4
 
: r
between 0.0001 and 0.5 mm, are used. The intensity of singularity
obtained using BEM is K = 1.256 MPammk (see Fig. 13). For com-
parison, the percent difference is calculated as follows:
Percent difference ¼ K
Con:Int:  KBEM
KBEM
 100%; ð18Þ
where KCon:Int: is the intensity of singularity obtained using the con-
servative integral, and KBEM is the intensity of singularity obtained
using the BEM. As demonstrated in Table 4, the percent differences
for various areas for the ﬁrst model using BEM are less than 1.5%.
Fig. 8. Angular variables of stresses for the singular solution using eigenvector analysis. (a) frr(h, /), (b) fhh(h, /), (c) f//(h, /), (d) frh(h, /), (e) fr/(h, /), (f) fh/(h, /).
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are less than 0.5% for all of the integral areas. The results listed in
Tables 4 and 5 are illustrated graphically in Fig. 14, which clearly
demonstrates that the results obtained using the second model
are more stable than those obtained using the ﬁrst model. The
intensities of singularity converge to the result obtained using the
BEM when the distance, r, is increased. Considering the ﬁrst area
of the ﬁrst model, the FE results are calculated from the elements
that are directly connected to the singular point. These results
may have some numerical error due to mismatched material prop-erties, which is why the intensity of singularity obtained from the
ﬁrst area of the ﬁrst model is different from the other values. There-
fore, the FE results used for the integral should not be the results
obtained from the elements that are directly connected to the sin-
gular point.
Next, the intensity of singularity, K, obtained using the conserva-
tive integral (the intensity of singularity obtained using the second
model with second area, as shown in Table 5, K = 1.259 MPammk)
with the order of stress singularity, k, and the angular functions,
fijðh;/Þ, derived from the FEM eigenanalysis are substituted into
Fig. 9. The ﬁrst model (large element by dividing meshes along the / direction to obtain four elements, / = 22.5, and eight elements along h direction, h = 22.5).
Fig. 10. The second model (small element by dividing meshes along the / direction to obtain six elements, / = 15, and 12 elements along h direction, h = 15).
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butions obtained using the BEM. Fig. 15 shows the distribution of
stresses, rhh, at / = 45 and h = 90with respect to the distance from
the singular point, r. This ﬁgure conﬁrms that the distribution of
stresses obtained using Eq. (7) with K obtained using the conserva-
tive integral and k obtained in the FEM eigenanalysis is in good
agreement with the results obtained using the BEM. Figs. 16–18
show the distribution of stresses, rhh, rrh, and r/h, respectively, at
the interface, h = 90, with respect to / with ﬁxed r at
0.000128 mm. As indicated by this ﬁgure, the distributions of stres-
ses are in good agreement with each other, which means that theasymptotic stresses around the singular point can be calculated
using Eq. (7) along with the result for K obtained using the conser-
vative integral and the results for k and fijðh;/Þ obtained in the FEM
eigenanalysis.
3.4. Relationship among the intensity of singularity, the model
geometry, and the material properties
To investigate the relationship between the intensity of singu-
larity and model’s size, models of lengths, L2, of 1, 2.5, 5, and
10 mm are investigated (see Fig. 5). For the FE analysis, the second
Fig. 11. Areas for integral (the ﬁrst model).
Fig. 12. Areas for integral (the second model).
Table 3
Details of the FE models and integral areas.
Model Number of
nodes
Number of
elements
Area r
mm
Number of elements
for integration
1 2415 520 1 0.1 32
2 0.3 32
3 0.5 32
4 1.0 32
2 6877 1560 1 0.1 72
2 0.3 72
3 0.5 72
4 1.0 72
Table 4
Intensity of singularity calculated for various areas in the ﬁrst
model.
Area r mm K (MPa.mmk) Percent difference
1 0.1 1.273 1.35
2 0.3 1.242 1.11
3 0.5 1.250 0.48
4 1.0 1.247 0.72
Table 5
Intensity of singularity calculated for various areas in the second
model.
Area r mm K (MPa.mmk) Percent difference
1 0.1 1.259 0.24
2 0.3 1.259 0.24
3 0.5 1.255 0.08
4 1.0 1.256 0.00
1
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Fig. 13. Stress distribution, rhh, at / = 45 and h = 90 obtained from BEM.
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Fig. 14. The intensity of singularity, K, against r.
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the accuracy of the results, the intensities of the singularities
obtained using the conservative integral are compared with the
results obtained using the BEM. Table 6 lists the intensities of the
6
8
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 Con. Int. 
Fig. 15. Distributions of stresses, rhh, at / = 45 and h = 90 obtained from
conservative integral and BEM.
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Fig. 16. Distributions of stresses, rhh, at the interface, h = 90, against / with ﬁxed r
at 0.000128 mm obtained from conservative integral and BEM.
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Fig. 17. Distributions of stresses, r//, at the interface, h = 90, against / with ﬁxed r
at 0.000128 mm obtained from conservative integral and BEM.
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Fig. 18. Distributions of stresses, rh/, at the interface, h = 90, against / with ﬁxed r
at 0.000128 mm obtained from conservative integral and BEM.
Table 6
Intensities of singularity for various lengths.
L2/L1 K (MPa.mmk) Percent difference
Conservative integral BEM
0.1 0.862 0.860 0.23
0.25 0.981 0.984 0.30
0.5 1.109 1.102 0.64
1.0 1.259 1.256 0.24
2916 C. Luangarpa, H. Koguchi / International Journal of Solids and Structures 51 (2014) 2908–2919singularity for various lengths. The percent differences between
the BEM results and the conservative integral results are less than
1% for all cases.
Fig. 19 plots the intensity of singularity with respect to L2/L1.
This ﬁgure demonstrates that the intensity of singularity increases
with increasing L2/L1, which means that the intensity of stresses at
the corner can be reduced by changing the shape of the model to be
thinner.
To investigate the relationship between the intensity of singu-
larity and the material combination, models with various material
combinations are considered. There are six cases with ﬁxed proper-
ties for material 1, and the Young’s modulus, E2, of material 2 is var-
ied. Thematerial properties and the orders of stress singularity, k, asdetermined from the FEM eigenvalue analysis for these six cases are
presented in Table 7. As demonstrated in the table, the order of
stress singularity decreases with increasing Young’s modulus of
material 2.
1.4
1.3
1.2
1.1
1.0
0.9
0.8
0.7
K
   
M
Pa
.m
m
λ
1.21.00.80.60.40.20.0
L2/L1
 Con. Int. 
 BEM
Fig. 19. The intensity of singularity, K, against L2/L1 (various lengths, L2).
Table 7
Material properties and the orders of stress singularities.
Case E1 (GPa) E2 (GPa) t1 t2 k
1 166.0 1.37 0.26 0.38 0.407
2 2.74 0.395
3 5.48 0.373
4 11.0 0.332
5 16.4 0.297
6 21.9 0.265
8
9
1
K
  M
Pa
.m
m
λ
8 9
0.1
2 3 4 5 6 7 8 9
1
L2/L1
 Case 1
 Case 2
 Case 3
 Case 4
 Case 5
 Case 6 
Fig. 20. The intensity of singularity, K, against L2/L1 (various lengths, L2, and various
material combinations).
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Fig. 21. The dimensionless intensity of singularity, k, against L2/L1.
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L2/L1. These results indicate that K increases with increasing L2/L1
for all cases. The results for the same model size for various values
of E2 indicate that the intensity of singularity is larger for the
model with lower E2. However, at L2/L1 = 0.1, the intensities of sin-
gularity for all cases are similar at nearly 0.86. Following Eq. (7),
the units of K (MPammk) differ depending on the order of singular-
ity. To compare the results for different material combinations, the
intensity of singularity should be transformed to be dimensionless.
The dimensionless intensity of singularity is given as follows:
k ¼ K
r0Lk1
: ð19Þ
The dimensionless intensities of singularities, k, for various
lengths and various Young’s moduli of material 2 are presented
in Fig. 21. Similar to the intensity of singularity, K, in Fig. 20, the
dimensionless intensity of singularity, k, increases as L2/L1
increases. This ﬁgure clearly demonstrates that the dimensionless
intensity of singularity, k, is related to L2/L1 in the power law,
and the dimensionless intensity of singularity decreases if material
2 is more compliant (the Young’s modulus of material 2 decreases).
To explain the relationship between the dimensionless intensity of
singularity, k, and the model size, L2/L1, the dimensionless intensity
of singularity, k, for each case for a ﬁxed material combination is
deﬁned as follows:
k ¼ a L2
L1
 b
: ð20ÞA curve-ﬁtting technique is used to calculate the coefﬁcients a
and b. The results of a and bwith respect to the order of singularity,
k, are shown in Figs. 22 and 23, respectively. Fig. 22 reveals that the
relationship between a and k is a straight line on a semi-log scale.
Therefore, a can be written as a function of k as follows:
a ¼ 0:271 0:578 log k: ð21Þ
Similarly, the relationship between b and k is illustrated in
Fig. 23, which clearly demonstrates that b is a linear function of
k, as follows:
b ¼ 0:009þ 0:444k: ð22Þ
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Fig. 22. The coefﬁcient, a, against k.
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Fig. 23. The coefﬁcient, b, against k.
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of lengths, L2/L1, is limited within our model. More calculations for
models of various size ratios are required to extend the model to a
general relationship.
4. Conclusions
In the present study, the conservative integral was used to ana-
lyze stress singularities in three-dimensional dissimilar material
joints with one real singularity. The results were compared with
the results obtained by the BEM. The relationships between the
intensity of singularity, the model’s geometry and the material
properties were investigated. The main conclusions of the present
study are summarized as follows:1. The area conservative integral based on the Betti reciprocal
principle was developed to calculate the intensity of singularity
in three-dimensional bi-material joints. The results obtained
using the conservative integral was in good agreement with
those obtained using the curve-ﬁtting technique based on the
BEM.
2. The accuracy of the results could be improved by mesh reﬁne-
ment. In addition, the FE results used for the integral should not
be those obtained from the innermost elements, which have
one node at the vertex.
3. The results for the models of various lengths revealed that the
intensity of singularity, K, increased when L2/L1 increased,
which means that making the shape of the model thinner can
reduce the intensity of singularity at the vertex.
4. The results for the models of various material combinations and
various lengths revealed that the dimensionless intensities of
singularity, k, depend on the order of singularity, k, and the ratio
of lengths, L2/L1.
Appendix A
For comparison, the BEM, which uses Rongved’s fundamental
solution for a two-phase isotropic material, is used. Using this
method, accurate stresses on the interface are obtained without
mesh division on the interface. The boundary integral formulation
in terms of the displacement vector, uj, and the traction vector, tj, is
expressed as follows:
CijujðPÞ ¼
Z
A
UijðP;QÞtjðQÞ  TijðP;QÞujðQÞ
 	
dsðQÞ; ðA:1Þ
where P and Q are points on the boundary, Cij is a constant deter-
mined from the conﬁguration of the boundary, and Uij and Tij are
the fundamental solutions for the displacement and surface trac-
tion, respectively.
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